There has been extensive work done in recent years on the analysis and synthesis of systems having memoryless, sector bounded nonlinearities and uncertainties. In this paper we take a fundamentally different approach to develop tests of the stability of systems with hysteresis nonlinearities which, in general, have memory and are not sector bounded. Using an operator perspective, and considering a hysteresis that obeys a strict circulation direction, we develop a transformation which converts a hysteresis nonlinearity into a passive operator. Our main stability theorem then provides a simple Nyquist test (for a SISO system) or a linear matrix inequality (LMI) which is extended to include a provision for a robust performance test. A simple numerical example illustrates the benefit of the multiplier introduced for this class of nonlinearities.
Introduction
Hysteresis is a property of a wide range of physical systems and devices, such as electro-magnetic fields, mechanical ball bearings, and electronic relay circuits. The term hysteresis typically refers to the input-output relation between two time-dependent quantities that can not be expressed as a single-valued function. Instead, the relationship usually takes the form of loops that are traversed either in a clockwise or counter-clockwise direction. A hysteresis with counter-clockwise loops is referred to as a passive hysteresis [6, pg 3661. An example of a passive hysteresis is shown in Figure (1) . This hysteresis could represent the relationship between the electric and magnetic fields of an electro-magnetic actuator. The area enclosed by the loops is often thought of as representing energy loss into the hysteretic element (see [S, pg 441, for example). Because this phenomenon is so prevalent, it is important to be able to bility formulations for linear systems with hysteretic nonlinearities were done by Yakubovich [12, 11, who used a Lyapunov approach to arrive at a Popowlike test for stability, involving a multiplier of the form (7 + s)/s. More recently, it was suggested that this multiplier be used for stability analysis of systems with hysteresis in an Integral Quadratic Constraint setting [7] , although a result using this multiplier in an IQC was not presented. Other recent work [5] considered the time-derivative of the output of the nonlinear element as the basis for guaranteed stability of systems with a Preisach hysteresis.
Because hysteresis is not memoryless and is typically not sector bounded, much of the work done in recent years in robust analysis, with the exception of work cited, is not applicable to systems with hysteresis nonlinearities. This paper addresses this issue. Our approach differs from previous work by taking a distinct operator perspective. In particular we show that, under the proper transformation, the passive hysteresis becomes a passive operator. This transformation establishes a mathematical connection between the passive hysteresis as an energy absorbing element and the property of a passive operator as having bounded extractable energy. We formulate this result using the basic integral properties of the hysteresis (i.e., counterclockwise circulation, etc.). This transformation then allows us to cast the problem into a passivity framework where we can then guarantee the &-stability of systems containing these nonlinearities. Our main stability theorem leads to a simple graphical test in the Nyquist plane (for the SISO case) or to a particular linear matrix inequality (LMI) which can be readily extended to systems with multiple hystereses. We then extend the result to include a test for robust performance by using dissipation tReory [ll] . This again is expressed as an LMI, which is readily solved using existing optimization codes. Lastly, we present an example which illustrates the utility of the stability theorem. The paper is organized as follows. Section 2 defines the notation used throughout the paper. Section 3 gives the properties of the passive hysteresis used to define a transformation which will make the hysteresis a passive operator. 
Hysteresis Nonlinearity as a Passive Operator
In order to use passivity theory to analyze systems with hysteresis, we need to establish a connection between a passive hysteresis as an element that absorbs energy over the long term, and a passive operator, which has a limited amount of extractable energy. This section provides such a connection using basic integral properties of a passive hysteresis. In particular, we define a transformation in Section 3.2 that converts a passive hysteresis into a passive operator using the basic integral properties of the nonlinearity.
In Section 3.3 we show how a common passive hysteresis is readily converted into a passive operator under the transformation defined.
Hysteresis Properties
The class of passive hysteresis under consideration are characterized here by five properties that capture the basic integral properties of this nonlinearity. xy --y 2 2 0.
Circulation is counter-clockwise. For any closed-pat h cycle, that is ( z ( t l ) , y ( t l ) ) = ( z ( t z ) , y ( t z ) )

Converting a Passive Hysteresis into a Passive Operator
Here we will define a transformation which converts a passive hysteresis into a passive operator. The transformation that accomplishes this is given by a block diagram in Figure  ( properties (4)- (7), then 6 : U ---t < as given by Definition
is a passive operator.
Proof: By definition of 6 we have Therefore, 6 is a passive operator.
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The first inequality is a result of property (7), which restricts the derivative terms to be non-negative. This slope restriction, in The final step can be shown using the properties (4)-(6) as applied to a passive hysteresis that has an upper bound p on the slope. Integration of the line integral as in (6) ultimately results in a lower bound on the path integral. Note: The definition of a passive operator typically used has P = 0 (see [5] , [lo, pg 3521 , for examples), since it is most commonly used in conjunction with sector-bounded nonlinearities. Here we require the more general definition (P 2 0) essentially because we are dealing with nonlinearities that have memory and are not sector bounded. In this case we require the relaxed lower bound in order to allow for an initial stored energy in the hysteresis. techniques, we will use a loop transformation [lo] to incorporate the transformation and then derive constraints on the linear portion of the system to guarantee robust stability. These constraints will be in the form of a linear matrix inequality (LMI), which is then extended to include bounds on a separate performance channel.
Loop Transformation
We assume that the total system to be analyzed has a nonlinearity, @, that appears in a feedback configuration with a linear system G(s), as depicted in Figure (4a) . Introducing the transformation, as shown in Figure (4b) , results in the system with modified feedforward and feedback elements,
and G ( s ) . Of course, if the original ib was a passive hysteresis with the properties (4)-(7)
given above, then 6 is a passive operator, according to Lemma 3.1. An essential feature of the loop transformation in Figure (4b) is that the input-output property of the net system from U to y is unchanged. Therefore, any stability conclusions we make regarding the transformed system will be applicable to the original system. We note here that if the original linear system G has a state space representation then a representation for the transformed system G is
where
Robust Stability
Here we use a form of the Passivity Theorem to derive the positive-real constraint on the linear portion of the system to guarantee the &-stability of the closed loop system. It follows then since p = 6 E t 2 , as t + 00 we have $ -+ 0.
We conclude then that y ( t ) + yss, where steady state yss is bounded. 
LMI Test for Robust Stability:
Robust Performance
We can extend the analysis techniques for robust stability to include a norm bounded constraint, that may correspond to a desired level of performance or to some level of uncertainty. For example, consider the nonlinear feedback system with the channel from w to z , as shown in Figure (6 
Numierical Example
Here we will use the analysis given above to test the robust stability of a system with a passive hysteresis and plant output multiplicative uncertainty. Consider the nominal system, Go(s) shown in Figure (6 Note that without the stability multiplier, (T = 0 ) , the stability test reduces to that considered in [7] and in this case the analysis would fail for this system with p = 1.
Thus, for this system we have established a less conservative test. However, this test is still conservative to a certain degree. Consider the stability when A A. For this system the onset of instability occurs when the perturbation reaches A = -3, as indicated by a sustained 1. 3 Hz oscillation in Figure (10) . At this perturbation level, intersects the describing function for the nonlinearity. The intersection of the Nyquist and describing function plots (see Figure (9) ) does predict a sustained oscillation at this frequency, (see [3, pg 661). In this case, comparing the describing function to the stability region outlined in Figure  (9) gives a good indication of the conservativeness of the multiplier analysis. As the Nyquist plot indicates, the system at this level of perturbation is very active, and extends well into the left hand plane. As depicted by the limit cycle in Figure (lo) , the passive hysteresis is absorbing energy at a rate equal to the rate at which it is produced by the system. the Nyquist plot extends well into the third quadrant, and 6 
Conclusions
In this paper we have investigated the stability of systems with hysteresis nonlinearities. By restricting our attention to hysteresis that has strictly counter-clockwise circulation we motivated the use a a particular transformation which converts this nonlinearity into a passive operator. The transformation is subsequently used in a passivity framework to develop a stability theorem for systems having nonlinearities with the prescribed characteristics. This stability test, for the SISO case, is easily verified by a simple graphical test in the Nyquist plane, and is readily computed by solving an LMI. The LMI framework allows for a straightforward extension of the test to include robust performance. A simple numerical example given illustrates the utility of this particular form of the multiplier in testing for the robust stability of a linear system with a hysteresis nonlinearity and a multiplicative uncertainty in the plant output.
